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Abstract. One often needs to estimate how fast an evolving state of a quantum
system can depart from some target state or target subspace of a Hilbert space. Such
estimates are known as quantum speed limits. We derive a quantum speed limit for a
general time-dependent target subspace. When the target subspace is an instantaneous
invariant subspace of a time-dependent Hamiltonian, the obtained quantum speed limit
bounds the adiabatic fidelity, which is a figure of merit of quantum adiabaticity. We
also compare two states evolving under two different Hamiltonians and derive a bound
on the Loschmidt echo.
1. Introduction
Consider a quantum system with a time–dependent HamiltonianHt and a density matrix
ρt evolving under the Schro¨dinger equation
iρ˙t = [Ht, ρt] (1)
(here and in what follows dot stands for the time derivative and ~ = 1). It is often of
interest to asses the probability to find the state of the system in some “target” subspace
Lt of the Hilbert space. The subspace Lt can be described by a projector
Πt = Π
2
t . (2)
The above-mentioned probability is given by
Ft ≡ tr ρtΠt. (3)
For a pure state, ρt = |ψt〉〈ψt|, and a one-dimensional target subspace with Πt = |φt〉〈φt|
the above probability fits a standard definition of quantum fidelity of two states,
Ft = |〈φt|ψt〉|2. We will refer to Ft as fidelity also in a general case.
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Often Ft is estimated for some particular Πt = Π which actually does not depend
on time. In particular, a popular object of study is Π = |ψ0〉〈ψ0|, in which case Ft
quantifies how far the dynamical state ψt departs from the initial state ψ0 in time t.
A bunch of inequalities bounding Ft from below (and, sometimes, also from above) are
known as quantum speed limits (see Refs. [1, 2] for reviews). A rigorous formulation
of the time-energy uncertainty relation by Mandelstam and Tamm [3] can be viewed as
the earliest quantum speed limit.
A very general quantum speed limit valid for an arbitrary, possibly time-dependent
target space has been derived by Pfeifer and Fro¨hlich [1]. Here we also focus on time-
dependent target spaces but use a different method. The paper is organized as follows.
In the next Section we derive a general bound for an arbitrary dependence of Lt on
time which differs from the bound of Ref. [1]. In particular, we derive a quantum speed
limit for the case when Lt is an instantaneous invariant subspace of the Hamiltonian
or its eigenspace, than Ft quantifies to what extent the evolution is adiabatic, and the
derived bound on Ft constitutes an adiabatic condition. In Section 3 we compare our
method and result with those of Ref. [1] and detail the differences. In Section 4 we
consider states evolving under two different Hamiltonians and prove a bound on the
corresponding Loschmidt echo.
Throughout the paper we employ the following conventions. We assume that
all time-dependent operators and vectors in the Hilbert space are continuous and
differentiable. An operator norm of an operator A is denoted as ||A||. The Hamiltonian
Ht is a self-adjoint operator smoothly depending on the parameter t. Occasionally
we use bra-ket notations for vectors and projectors. We use symbol Π for a general
projection operator and Pψ ≡ |ψ〉〈ψ| for a one-dimensional projector on a pure state ψ.
The norm of a vector ψ is denoted as ||ψ|| ≡ 〈ψ|ψ〉1/2.
2. Generalized quantum speed limit
We assume that Lt is an arbitrary subspace of the Hilbert space which smoothly varies
with time. The respective projector Πt is also arbitrary (in particular, it need not
commute with the Hamiltonian). The initial state of the system, ρ0, is arbitrary as well
(in particular, it need not belong to L0). Under these conditions the following lower
bounds on the fidelity Ft can be proven:
Theorem 1.
Ft > cos
2

g0 +
t∫
0
‖i[Hτ ,Πτ ] + Π˙τ‖dτ

 for t ∈ [0, t+], (4)
Ft 6 cos
2

g0 −
t∫
0
‖i[Hτ ,Πτ ] + Π˙τ‖dτ

 for t ∈ [0, t−], (5)
where
g0 = arccos
{√
tr ρ0Π0
}
, (6)
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t+ is the single root of the equation g0 +
∫ t+
0
‖i[Hτ ,Πτ ] + Π˙τ‖dτ = pi/2,
t− is the single root of the equation g0 −
∫ t−
0
‖i[Hτ ,Πτ ] + Π˙τ‖dτ = 0.
In a particular case of a one-dimensional projector Πt = |φt〉〈φt|, where φt is an
arbitrary vector smoothly dependent on time, one immediately obtains a quantum speed
limit first derived in ref. [1]:
Corollary.
Ft > cos
2

g0 +
t∫
0
√
‖iHτφτ + φ˙τ‖2 − |〈iHτφτ + φ˙τ |φτ 〉|2dτ

 for t ∈ [0, t+], (7)
Ft 6 cos
2

g0 −
t∫
0
√
‖iHτφτ + φ˙τ‖2 − |〈iHτφτ + φ˙τ |φτ 〉|2dτ

 for t ∈ [0, t−], (8)
where
g0 = arccos
{√
〈φ0|ρ0|φ0〉
}
, (9)
t+ is the single root of g0 +
∫ t+
0
√
‖iHτφτ + φ˙τ‖2 − |〈iHτφτ + φ˙τ |φτ 〉|2dτ = pi/2,
t− is the single root of g0 −
∫ t−
0
√
‖iHτφτ + φ˙τ‖2 − |〈iHτφτ + φ˙τ |φτ 〉|2dτ = 0.
Proof of Theorem 1. Special case of [Ht,Πt] = 0.
For an arbitrary Πt one obtains
F˙t = tr ρ˙tΠt + tr ρtΠ˙t = i tr(ρt[Ht,Πt]) + tr ρtΠ˙t. (10)
We first assume that [Ht,Πt] = 0. This is the case, in particular, when Πt projects on an
instantaneous invariant subspace of the Hamiltonian. Under this assumption the first
term in the right hand side (r.h.s.) of the above equation is zero, and we are left with
F˙t = tr ρtΠ˙t. (11)
Recall some well-known properties of Πt [4]. Differentiating the equality Πt = Π
2
t one
obtains Π˙t = Π˙tΠt +ΠtΠ˙t, which implies ΠtΠ˙tΠt = 0 and
Π˙t = (I−Πt)Π˙tΠt +ΠtΠ˙t(I− Πt) =
[
[Π˙t,Πt],Πt
]
. (12)
This equation along with eq.(10) leads to
F˙t = 2Re tr(ρΠtΠ˙t(I−Πt)). (13)
This can be bounded from above as
|F˙t| 6 2| tr((Πt√ρ)†Π˙t(I−Πt)√ρ)|
6 2
√
tr(ρΠt) tr(Π˙
2
t (I−Πt)ρ(I− Πt))
6 2 ‖Π˙t‖
√
tr ρΠt
√
tr ρt(I−Πt), (14)
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where we use the Schwartz inequality | tr(X†Y )| 6 √tr(X†X) tr(Y †Y ) in the second
line, the inequality | tr(AB)| 6 ‖A‖ trB and the equality ‖A2‖ = ‖A‖2 for any A = A†,
B > 0 in the third line. Noting that
√
tr ρtΠt =
√
Ft and
√
tr ρt(I− Πt) =
√
1− Ft, we
obtain
|F˙t| 6 2‖Π˙t‖
√
Ft(1− Ft). (15)
Next we employ a substitution
Ft = cos
2 gt (16)
with gt ∈ [0, pi2 ]. This way we obtain
|g˙t| 6 ‖Π˙t‖. (17)
Integrating g˙t one obtains
|gt − g0| = |
t∫
0
g˙τdτ | 6
t∫
0
|g˙τ |dτ 6
t∫
0
‖Π˙τ‖dτ. (18)
In view of eq. (16), this leads to the bounds
Ft > cos
2

g0 +
t∫
0
‖Π˙τ‖dτ

 for t ∈ [0, t+], (19)
Ft 6 cos
2

g0 −
t∫
0
‖Π˙τ‖dτ

 for t ∈ [0, t−], (20)
where
g0 = arccos
{√
tr ρ0Π0
}
, (21)
t+ is the single root of the equation g0 +
∫ t+
0
‖Π˙τ‖dτ = pi/2,
t− is the single root of the equation g0 −
∫ t−
0
‖Π˙τ‖dτ = 0.
Proof of Theorem 1. General case.
To proceed with a case of a general Πt we define a new projector Π
U
t ≡ U †tΠtUt, where
the unitary operator Ut satisfies the Schro¨dinger equation
iU˙t = HtUt. (22)
Since Ft ≡ tr(ρtΠt) = tr(ρ0ΠUt ), one obtains
F˙t = tr(ρ0Π˙
U
t ). (23)
This equation is analogous to eq. (11). Thus one can simply substitute Π˙t in eqs. (19)
and (20) by
Π˙Ut = U
†
t (i[Ht,Πt] + Π˙t)Ut. (24)
This way one obtains estimates (4) and (5).
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Proof of the Corollary.
Consider a one-dimensional Lt with Πt = Pφt ≡ |φt〉〈φt|. The key idea is to use
the auxiliary projector ΠUt introduced above. In the case under consideration it reads
ΠUt = U
†
t PφtUt = Pψt , where the unitary operator Ut satisfies the Schro¨dinger equation
(22), ψt = U
†
t φt and ψ˙t = U
†
t (iHtφt + φ˙t). The Corollary follows from eq. (24) and the
equality
‖P˙ψt‖ =
√
〈ψ˙t|ψ˙t〉 − |〈ψ˙t|ψt〉|2. (25)
The latter inequality is valid for any normalized vector ψt smoothly dependent on time,
as is shown in Appendix A.
Several remarks are in order.
Remark 1. Observe that the bounds (7, 8) are invariant under the transformations
φt → eiθtφt, where θt is an arbitrary smooth real function of time.
Remark 2. When φt is an instantaneous eigenvector of the Hamiltonian Ht, Htφt = Etφt,
the integrand in (7, 8) does not contain Et explicitly, since
‖iEτφτ + φ˙τ‖2 − |〈iEτφτ + φ˙τ |φτ 〉|2 = ‖φ˙τ‖2 − |〈φ˙τ |φτ〉|2. (26)
Remark 3. Inequality (19) with g0 = 0 represents a sufficient adiabatic condition.
Indeed, assume that Πt projects on the instantaneous invariant subspace of the
Hamiltonian. Adiabaticity of the quantum evolution means that Ft ≃ 1, which is
ensured by the inequality (19) for sufficiently small times. In the case of a one-
dimensional projector one obtains from eqs. (7) and (26) the following adiabatic
condition:
|〈φt|ψt〉|2 > cos2


t∫
0
√
‖φ˙τ‖2 − |〈φ˙τ |φτ 〉|2 dτ

 for t ∈ [0, t+], (27)
where t+ is the single root of the equation
∫ t+
0
√
‖φ˙τ‖2 − |〈φ˙τ |φτ 〉|2 dτ = pi/2.
Here φt is an instantaneous eigenvector smoothly varying with time, Htφt = Etφt, and ψt
is a solution of the Schro¨dinger equation iψ˙t = Htψt with the initial condition ψ0 = φ0.
It should be stressed that the adiabatic conditions (19) and (27) do not allow one to
diminish the adiabatic error arbitrarily by rescaling the time (such rescaling corresponds
to evolving along the same path in the parameter space with a different pace). Thus
they are very different from the sufficient adiabatic conditions which are used to prove
the adiabatic theorem [4, 5]. In fact, bounds (19) and (27) work best at small times. In
particular, they capture the quadratic scaling of (1−Ft) with time, which is characteristic
for the initial stage of evolution starting form an instantaneous eigenstate.
Remark 4. For an instantaneous eigenstate φt of the Hamiltonian Ht one can prove [6]
that
‖P˙φt‖ =
√
〈φ˙t|φ˙t〉 − |〈φ˙t|φt〉|2 ≤ ‖H˙t‖/∆t, (28)
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where ∆t is the energy gap between φt and the closest other eigenstate of Ht. A similar
but more tight bound can be obtained under additional assumptions [7]. Eq. (27) can
be supplemented by these bounds in cases when the direct calculation of ‖P˙φt‖ is not
possible. Note, however, that thus obtained estimate can be quite loose. In particular,
for a quantum system with an infinite-dimensional Hilbert space ‖H˙t‖ can be infinite
while ‖P˙φt‖ is finite, which renders the inequality (28) void. In particular, such situation
has been encountered in recent studies of a driven system consisting of a one-dimensional
quantum fluid with an impurity particle immersed in it [8, 9, 10]. This issue calls for
tighter estimates of ‖P˙φt‖.
Remark 5. One can always find a (nonunique) unitary operator Wt which generates the
subspace Lt from L0, i.e. Πt = WtΠ0W †t . If calculating ‖W˙t‖ is for some reason easier
than ‖Π˙t‖, one can proceed as follows. First, note that
‖Π˙t‖ 6 ‖W˙t‖. (29)
We prove this bound and elaborate upon it in Appendix B. For ΠUt = U
†
tΠtUt = Y
†
t Π0Yt,
Yt = U
†
tWt we have Y˙t = U
†
t (iHt + W˙tW
†
t )Wt. So we can plug the bound
‖i[Hτ ,Πτ ] + Π˙τ‖ = ‖Π˙Ut ‖ 6 ‖Ht − iW˙tW †t ‖ (30)
to eqs. (4) and (5).
3. Comparison to the approach by Pfeifer and Fro¨hlich
A different approach to obtaining quantum speed limits for time-dependent target
subspaces was elaborated by Pfeifer and Fro¨hlich [11, 1]. Here we review their approach
and show that our method provides tighter bounds when the dimension of the target
subspace is large.
Following Ref. [1], we define a function f(R,A) of a self–adjoint operator A = A†
and a self-adjoint positive operator R = R† > 0 which generalises the notion of quantum
uncertainty. Let R =
∑
n λnΠn be the spectral decomposition of R, where λn are distinct
eigenvalues and Πn are corresponding eigenprojectors. Then
f(R,A) ≡
√∑
n
λn tr (ΠnA2 − (ΠnA)2). (31)
Note that the rank of Πn is equal to the degeneracy of the corresponding eigenvalue. As
a consequence, f(R,A) is not continuous with respect to R.
Consider the case of R = Π, where Π is a projector. Then
f 2(Π, A) = −1
2
tr[Π, A]2, (32)
where A is an arbitrary self-adjoint operator, and
f 2(Π, ρ) 6
√
tr ρΠ (1− tr ρΠ), (33)
where ρ is an arbitrary density matrix [1].
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Importantly, for any self-adjoint positive R and any two self-adjoint operators A
and B a generalized uncertainty relation holds [1]:
|trR[A,B]| 6 2f(R,A)f(R,B). (34)
Now we are prepared to review the approach of ref. [1] and compare it to ours.
For simplicity, we consider the case [Ht,Πt] = 0 and Π0ρ0 = ρ0. Due to eq. (12) Πt
is a solution of the Schro¨dinger-like equation iΠ˙t = HtΠt with a fictitious Hamiltonian
Ht = i[Π˙t,Πt]. Using the inequality (34), we obtain
|F˙t| = | tr ρt Π˙t| = |tr ρt [Ht,Πt]| = | trΠt [Ht, ρt]| 6 2f(Πt,Ht)f(Πt, ρt).(35)
Following (32,33) we get f(Πt, ρt) 6
√
tr ρtΠt (1− tr ρtΠt) =
√
Ft(1− Ft) and
f(Πt,Ht) = −
√
tr[Πt,Ht]2/2 =
√
tr Π˙2t/2. The inequality (35) then reduces to
|F˙t| 6 2
√
tr Π˙2t
2
√
Ft(1− Ft). (36)
Analogously to the proof of Theorem 1, this leads to the following inequality for Ft:
Ft > cos
2

 1√2
t∫
0
√
tr Π˙2tdτ

 for t ∈ [0, t∗], (37)
where t∗ is the single root of the equation
∫ t∗
0
√
tr Π˙2τdτ/
√
2 = pi/2.
Our aim is to compare the bound (37) obtained along the lines of ref. [1] to
our bound (19) (with g0 = 0). First we note that for a one–dimensional projector
Pφt = |φt〉〈φt| these bounds coincide, since
√
tr P˙ 2φt =
√
2‖P˙φt‖. For higher-dimensional
projectors our bound (19) tends to be tighter than the bound (37). Below we construct
an example which makes this apparent.
Consider Πt =
∑
n Pn, t, where N orthogonal one-dimensional projectors Pn, t satisfy
P˙n, tP˙m, t = 0 for n 6= m and ||P˙n, t|| = ||P˙m, t||, tr P˙ 2n, t = tr P˙ 2m, t for any n and m. This
can be the case e.g. when the corresponding vectors evolve each in its own subspace
orthogonal to all other subspaces, the evolution of all vectors being identical otherwise.
It is easy to verify that the bound (37) reduces to
Ft > cos
2


√
N
t∫
0
||P˙1, t|| dτ

 , (38)
while our bound (19) reads
Ft > cos
2


t∫
0
||P˙1, t||dτ

 . (39)
The latter inequality is obviously tighter than the former, the difference becoming
dramatic for largeN . We believe that this simple example captures the general tendency
for high-dimensional target subspaces. We expect that the improvement provided by
our result over the prior work [1, 11] can prove particularly important for studies of
adiabaticity in many-body systems [12, 13, 14, 15].
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4. Evolution under two different Hamiltonians
Here we consider a problem of comparing states of two quantum systems evolving under
two different Hamiltonians. We are interested in pure states ψ
(1)
t and ψ
(2)
t evolving under
Hamiltonians H
(1)
t and H
(2)
t , respectively. We assume that initially the states coincide,
ψ
(1)
0 = ψ
(2)
0 . In this context Ft = |〈ψ(1)t |ψ(2)t 〉|2 can be interpreted as the Loschmidt echo
which plays an important role in quantum chaos [16] and elsewhere [17]. We assume
that ψ
(2)
t is known (e.g. due to the integrability of H
(2)
t ) but ψ
(1)
t is not, so the direct
evaluation of the Loschmidt echo is not possible. It can be estimated, however, due to
following theorem.
Theorem 2.
Ft > cos
2


t∫
0
√
‖(H(1)τ −H(2)τ )ψ(2)τ ‖2 − 〈ψ(2)τ |H(1)τ −H(2)τ |ψ(2)τ 〉2dτ

 for t ∈ [0, t∗],(40)
where
t∗ is the single root of the equation∫ t∗
0
√
‖(H(1)τ −H(2)τ )ψ(2)τ ‖2 − 〈ψ(2)τ |H(1)τ −H(2)τ |ψ(2)τ 〉2 dτ = pi/2.
Proof of Theorem 2.
The inequality (40) follows from the bound (7) and the Schro¨dinger equation
ψ˙
(2)
t = −iH(2)t ψ(2)t .
5. Summary
We have proven a quantum speed limit, eqs. (4) and (5), valid for an arbitrary
time-dependent target subspace. While for one-dimensional target subspaces this
quantum speed limit reduces to eqs. (7), (8) which had been obtained in ref. [1], for
multidimensional target subspaces it is tighter than the results of ref. [1]. We have used
the obtained quantum speed limit to derive a sufficient adiabatic condition, eqs. (19)
and (27), as well as a bound (40) on the Loschmidt echo.
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Appendix A. Norm of a one–dimensional projector
Here we prove the equality
||P˙φt|| =
√
〈φ˙t|φ˙t〉 − |〈φ˙t|φt〉|2. (A.1)
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valid for any normalised vector φt. To this end we introduce a normalised vector
φ⊥t = (I− Pφt)φ˙t/‖(I− Pφt)φ˙t‖ which is orthogonal to φt, and expand φ˙t:
φ˙t = Pφtφ˙t + (I− Pφt) φ˙t = 〈φt|φ˙t〉 φt + ‖(I− Pφt)φ˙t‖φ⊥t . (A.2)
Using the normalization condition 〈φt|φt〉 = 1 one easily arrives at
P˙φt = ‖(I− Pφt)φ˙t‖ |φ⊥t 〉〈φt|+ h.c.. (A.3)
Thus
||P˙φt|| = ‖(I− Pφt)φ˙t‖ =
√
〈φ˙t|φ˙t〉 − |〈φ˙t|φt〉|2. (A.4)
Appendix B. Proof of the bound (29)
Consider Πt generated by some unitary Ut, Πt = WtΠ0W
†
t . This evolution can be
described by a Schro¨dinger equation with a fictitious Hamiltonian Ht = iW˙tW †t ,
iΠ˙t = [Ht,Πt]. (B.1)
Observe that
‖Ht‖ = ‖W˙t‖. (B.2)
From (12) and (B.1) we obtain
Π˙t = iΠtHt(I− Πt)− i(I −Πt)HtΠt. (B.3)
Since Π˙t is self-adjoint operator we can estimate its norm as
‖Π˙t‖ = sup
‖ϕ‖=1
〈ϕ|Π˙t|ϕ〉 = 2 sup
‖ϕ‖=1
Im〈ϕ|(I− Πt)HtΠt|ϕ〉
6 2‖Ht‖ sup
‖ϕ‖=1
√
‖Πtϕ‖2(1− ‖Πtϕ‖2). (B.4)
As supx∈[0,1]
√
x(1− x) = 1/2 then
‖Π˙t‖ 6 ‖Ht‖. (B.5)
In view of eq. (B.2) this proves the bound (29).
We note that the equality in (B.5) can be reached for Ht = Ht ≡ i[Π˙t,Πt]
introduced in Section 3. Let us prove this fact. First, one verifies that Ht indeed
generates Πt via eq. (B.1), see eq. (12), and hence
‖Π˙t‖ 6 ‖Ht‖. (B.6)
On the other hand
Ht = i(I− Πt)Π˙tΠt − iΠtΠ˙t(I−Πt) (B.7)
and we get
‖Ht‖ 6 ‖Π˙t‖ (B.8)
analogously to eq. (B.5). Inequalities (B.6) and (B.8) imply
‖Π˙t‖ = ‖Ht‖. (B.9)
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